Bihar Mathematical Society
TSTM (Olympiad) 2021 (Class-12)
Full Marks:- 100 Time: 2% Hours
Answer all questions. All questions carry equal marks.

1. Let x be a positive integer and define f(n)=1! + 2! + --- 4+ n!. Find polynomial P(x) and Q(x) such
thatf(n+2)=Q(n) - f(n) + Pm)f(n+ 1) foralln>1

7 foran & x e goners gorf e R f(n) = 114+ 21+ -+ n! sRaff@ 213k f(n+2) =Q(n)-
f(n) +P(n)f(n+1), n=>1 g ar agus P(x)3iR Q(x) w1 frared |

@ Px)=x+1, Q(x)=x-1

(b) Px)=x-1, Qx)=x+1
() P(x)=-x-2, Q(x) =x+3
d) P(x)=x+3, Q(x)=-x-2

2. If f(x) is defined as f: (—1,1) — R and is differentiable on (—1,1). It is given that
, . 1
£/(0) = limyosco n(f (3)) and £(0) = 0
: . 2 _1(1 . _1(1
Find the value of lim,,_, 4, (; (n+1)cos™? (;) — n), given that |cos 1 (;)l < %

afz wer f(x)aRaR f:(=1,1) » R & qor (—1,1) o sawers &/ a2 £(0) = limy oo n(f () sile
f(0) =0 ?‘aﬁ?|cos_1 (%)| <@

2
lim,,_, (% (n+ 1) cos™t (%) - n) BT AT ST B/
@, B 1-2 (9 1-2 (& -1

3. Let f (xzﬂ) = w, V x,y € R. If f'(0) exists and equal -1 and f(0) = 1, then find f(2).

Wmf(x%y):w'VxJYER:uﬁf’(o)qﬁ“ﬂﬁﬁﬁwmﬂﬁ—laﬁ?ﬂo)=1aﬁ
£(2) @1 e 5| B
(a)-1 (b)1 ()0 (d)e

1 x*(1-x)*
4. fO 1+x2

dx equals

dx R &

fl x*(1-x)*
0 1+4x2

(a) 4m b T (0 Z-m (d) m-=



5.1fg(x) = el :E (i%_): (gn)
» X=3

Where [-] denotes the greatest integer function and

2(sinx—sin™x)+|(sinx—sin™x)|

f) = 2(sinx—sinmx)—|(sinx—sin™x)|’ neR then
[f(0], xe (0,5)u (5, m)
I g(x) = ( 2)n (2 )\_rlﬁ [] afoaa qurie were & iR

3, x=-
2

2(sinx—sin™x)+|(sinx—sin™x)|

neR o

f) = 2(sinx—sin™x)—|(sinx—sin"x)|’
(@) g(x) is continuous and differentiable at x = %when 0<n<l1
g(x)wsﬁ?mng SEro<n<1z
(b) g(x) is continuous and differentiable at x = gwhen n>1
g(x)wsﬁ?mx=g SEin>1%
(c) g(x)is continuous but not differentiable at x = gwhen 0<n<1
g(x) 9aa g = STEI—Cb_c-F[X=§ SRI0<n<1 =&
(d) g(x) is continuous and not differentiable at x = gwhen n>1
g(x) W & ofR e x =~ TE & W&l n > 1
6. Let f (f(xfﬁ()i(f/;lil-%(f}(x) dx = tan™ (W ) e
Where m,n eN and c is constant of integration (g(x) > 0). Then the value of ( m? + nz) is
S g s e =t () 4

wEf m,n e N 3R 9 Reric vd warder (g(x) > 0) & o (m? + n?) e 3

(a) 6 b) 8 © 10 (d 12
7. Find a function g: R — R, continuous in [0, ) and positive in (0, o) satisfying g(1) = 1 and

%foxgz(t)dt = %(foxg(t)dt)z.

afe g:R — R wad [0, 00) 3R gereas (0,00) @1 g(1) = 1 a‘m%foxgz(t)dt =§(f;cg(t)dt)2aﬁﬂ§%
BT BT A BeAd BT AN S BN 7

(@) g(x) = x?*2
(b) g(x) = x1*V2

(c) glx) =x+x?+?



(d) g(x) =x+x1*+V2

8.If f(x) = sinx + f_gz(sinx + tcosx)f(t)dt, then f(x) may be equal to
2

-1, 2 . , . .
(7 sinx — Zcosx) , Where k is a numerical quality which equal to

aft f(x) = sinx + f_gz(sinx + tcosx)f(t)dt, T@ f(x) &1 A= (_71 sinx — %cosx)a? IR BT ATk
A9 BN | ’
(@) o (b) 1 (c) 2 (d) 3

9. Consider two lines L;:x —y = 0 and L,: x + y = 0 and a moving point P(x, y). Let d(P,L;); i =
1,2 represents the distance of a point ‘P’ from the line L;. If the point ‘P’ moves in certain region 'R’
such that 2 < d(P,L,) + d(P, L,) < 4. Find the area of the region R

A foram 6 &1 §HaRoT Liix —y =0 T Ly:x +y =0 2 3R P(x,y) 95 & AT g9 =T 7 |

afe d(P,L;); i =12 2R @ L; 9 fig P ol ¢ v@ifdhd oxar 71 afe fog P Af¥ad &5 R # 9 v
gaar &1 f& 2 < d(P,Ly;) + d(P,Ly) < 47 a1 &3 R &1 &9%d 91d dX?

(a) 6 (b) 12 (c) 24 (d) 48
10. Let f(x) = min {tanx, cotx, %} v x€|0, g]. Then area bounded by y = f(x) and x-axis is

Hﬁ%lmﬁ?f(x)—mm{tanx cotx,\/} v x€[0, ]?r?ﬁy f(x) 3R x-3181 & 9= BT &IBA ST

HN?
(@) log. (5)+2%
()25
(c) log, (:)+

o . (3) 25

11. If the area enclosed by the curves y = sin™1|sinx| and y = (sin~!|sinx|?), where 0 < x < 2m,
i am3-bm?+c

" where a, b, ¢, deN then the valueofa + d — b — ¢) is equal to

Ify <1 9% y = sin~sinx| R y = (sin‘llsinxlz)?ﬁ‘sﬁ%{aﬂéw@ﬁOSxSZHGﬁ'\’
a,b,c,cdeNa@a+d—b—c & a9 &

(a) 6 (b) 9 (c) 12 (d) 15

12. If the velocity of flow of water through a small hole is 0.6@, where g is the gravitational
acceleration and y is the height of water level from the hole. Find the time required to empty a tank
having the shape of a right circular cone of base radius a and height h filled completely with water
and having a hole area A, in the base.



I U BIC ¥ B D ARAH F U @ FaE &1 9 0.6,/2gy T, TE g [o@rdyur @Ror 7 IR Y fEE ¥ ofe
TR B FATg ¢ | MR AT @ iR FAE h & FABI TATDR I S ATHR dTel b Bl Wlell BT b oIy
JMMITIH FHY BT A X IS S T A& A TN J WR_T g3l &1 iR MR &7 &3 Ag 2

2 2 2
h (o) 02 R4y 0.1 TeNR
0

(a) 0.1 Ao 7

na’h
0

" (b) 0.2

acosx a+sinx

13. For what value of a does equation possess solution?

2c0s2x—1  (cos2x—3sin2x)tanx

a+sinx

a @ o 7 B AT TEIBRor —ex BT Bl AT 87

2c0s2x-1  (cos2x—3sin2x)tanx
(==

)
(-e3) =t
(0 ae (=) - {1, 3}

@ ae(-ond) -1}

14. Obtain the integral values of p for which the following system of equations possesses real

N R

(a)

)

N

ae(—
(b) ae|—co
ae(—

N

2 2
. — P T — P T . .
solutions: cos™! x + (sin"1y)? = pT and cos™1 x (sin"1y)? = Tz The solution is

2 2
p &AM = R I cos™lx + (sinTly)? = p% qerr cos™1 x (sinT1ly)? = 71[—6 IR<fAS FHHROT B T g
RrepTer?
2
(@ p=1,x= cos%andy =41
(b) p=2,x= cosgandy =+1

(c) p=1,x:cosgandy=i1

2
(d) p=2,x:cos%andy=il

15. Find the value of a for which the inequality 3 — |x — a| > x? is satisfied by at least one negative
X.

a® b 99 & oY SRMERO 3 — |x — a| > x2 B x BT BH A BH (P FONHS HIH X DI
AT AT B
0 (B3 b () @ (L) (-L)

16. There are two sets of parallel lines, their equations being x cosa + y sina =p;p = 1,2,3, ..m
and y cosa — x sina = q;q = 1,2,3...n(n > m) where « is a given constant. The no. of squares
formed by the lines is

T AMEFETRR BRI & 99edd x cosa + y sina =p, p = 1,23, ..n 3R ycosa —xsina =q;q =
1,2,3..n(n>m) T 98l a Ta Rerie &A1 g1 © | X@1 & §NT 99 fhat aif 28—



(a) %n(n —-1)@Bn-m-1)

(b) %m(n -1)Bm—-n-1)

(c) %m(m - 1)Bn-m-1)
(d) %m(m -1)Bm—-n-1)

17.1fn € N andn > 1, then find the digit at unit place is the number

T nENIIR N> 1 O sHIS WH WR M dlal 3d [Hdret?

100

Zr!+22"

r=0
(a) 0 (b) 2 (c) 4 (d) 8

18. Let S be the sum of all possible determinants of order 2 having 0, 1, 2 and 3 as their elements.
Then find the common root «a of the equations

x’+ax+[m+1]=0
x2+bx+[m+4]=0

x2—cx+[m+15]=0

Such that a>S, where a + b + ¢ = 0 and m = lim,,_,, 2,22 1\/_ [x] <x

(a) a=1 (b) a=2 (c) a=3 (d) a=4

1
(y+z)2 (z+x)?

]EHWEW?

19.1f x,y,z > 0, the value of (xy + yz + zx) [(x+1y)2 + ] will be

1
(x+y)? + (y+Z)2 (z+x)?

afe x,y,z> 0, e @ (xy+yz+zx)[
(a) greater than or equal to = (— I g1 3R W)
(b) less than or equal to%(% | BIET 3R TRIeR)
(c) greater than or equal to% (% A LT 3R aRIER)

(d) less than or equal to% (g 3 Bl 3R a_ER)

20. Two sides of a triangle have the joint equation
x?—2xy—3y*+8y—4=0.

The third side, which is variable, always passes through the point (—5,—1). Find the range of values
of the slope of the third side, so that the origin is an interior point of the triangle.

ot Byt & <1 yorel &1 wfaxe x2 — 2xy — 3y? + 8y — 4 = 0, ¥ qon A9 o g (—5,—1) &
TR B | A TR ST & gl Bl W §1d N AT I qaAfdg B & X 8I?

1

@ (1) 0 (-1 3) © 10 @ (1)



